We analyze long-range transport through an ac driven triple quantum dot with one single electron. An effective model is proposed for the analysis of photoassisted cotunnel in order to account for the virtual processes which dominate the long-range transport, which takes place at n-photon resonances between the edge quantum dots. The AC field renormalizes the inter dot hopping, modifying the levels hybridization. It results in a non trivial behavior of the current with the frequency and intensity of the external ac field.
I. INTRODUCTION
Quantum transitions between two coupled systems with discrete levels occur when the two levels have the same energy. This is naturally the case in molecules and solids where coherent oscillations are induced. In quantum dots these oscillations can be manipulated by the tuning of both level energies and tunnel couplings with gate voltages 1 . In a double quantum dot, an electron is delocalized between the two dots giving rise to molecular-like orbitals. When the levels are not resonant, transitions can be induced by the interaction with time dependent fields. The required energy is provided by the absorption or emission of photons with the appropriate frequency, as sketched in Fig. 1(b) . In transport, this effect is known as photon-assisted tunneling 2, 3 and is accomplished by applying time dependent gate voltages. Remarkably, it allowed for the demonstration of coherent tunneling in semiconductor double quantum dots 4 . Photon assisted transport in nanostructures has been object of intense research 2 . We mention only those references close to this work in double barriers [5] [6] [7] [8] [9] and quantum dots 4, [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] . An additional and important effect of photon assisted tunneling is the renormalization of the tunnel couplings which become dependent on the parameters of the driving. This way, a fine tuning of the different couplings, and therefore the control of the hybridized superpositions, is possible by simply acting on the amplitude of the oscillations.
Tunneling between distant states that are not directly coupled (e.g. like next to nearest neighbours in a chain) is also possible even if transitions into the intermediate sites are energetically forbidden. The delocalization in that case is due to higher order transitions 22 when the initial and final states are resonant, with the virtual only occupation of the intermediates, cf. Fig. 1(c) . Such a longrange charge transfer is relevant for chemical reactions 23 and has analogues in quantum optics 22 . The recent advances in the tunability of triple quantum dots [24] [25] [26] [27] [28] [29] [30] has remarkably achieved the observation of this effect [31] [32] [33] . It entails the transfer of charge or spin between the two ends of the triple dot via superpositions that do not include the center one 34 , opening the way to the transfer of quantum information between distant qubits with low decoherence. In transport through quantum dots, longrange coupling has found interest for the prediction of the interference of spin superexchange trajectories 34 , the generation of entangled currents 35 , or the influence of dephasing 36 . It is also involved in the occurrence of dark states [37] [38] [39] [40] [41] . In this paper we investigate the transport via the longrange coupling of the outmost sites of a serial triple quantum dot mediated by the interaction with a time dependent potential. This configuration allows for the characterization of single-electron virtual transitions involving discrete levels only. Note the difference with cotunneling events where electrons are transferred from or into a continuum 7, 8, 42 . In particular, we consider a configuration where the time dependent signal is applied to one extreme of the array (say the left dot) with the opposite one staying static, cf. Fig. 1(e) . We discuss how, surprisingly, an electron in the right dot being static and energetically detuned is coupled resonantly with the left dot via a non-local interaction with the driving. Furthermore, the renormalization of the hopping implies the control of the hybridization which is visible in the splitting of the transport resonance. As a consequence of t he driving, Stückelberg interference patterns arise for the multiphotonic long-range excitations 32 . As triple dots constitute a tunable three level system, they are ideal platforms to investigate multilevel quantum interference 21, 43 . The paper is organized as follows. In Sec. II we describe the model and the equations of motion of our triple quantum dot. In Sec. III the transport characteristics are discussed, and an analytical model is detailed in Sec. IV. A summary is provided in Sec. V.
II. THEORETICAL FRAMEWORK
Our system consists on three quantum dots coupled in series, which are denoted with indices L, C and R, the extremes of which are connected to fermionic reservoirs, as sketched in Fig. 1 . We consider the Coulomb blockade regime with strong electron-electron interactions such that the system can be occupied by up to one electron at a time. Hence we can neglect the effect of spin. The state of the system is then represented by {|0 , |L , |C , |R } depending on whether the system is empty or contains an electron in either of the dots.
We describe the system with the HamiltonianĤ(t) = H 0 +Ĥ lead +Ĥ int +Ĥ ac (t) witĥ
(1)
The L-C and C-R nearest-neighbor hopping is described by τ ij , which is assumed to be real and whose indices are to be counted modulo 3. We emphasize that there is no direct coupling between dots L and R. i are the quantum dot onsite energies. They include the effect of the capacitive coupling to external gate voltages.ĉ i and d lk are the annihilation operators for electrons in dot i and in lead l, respectively. This ac signal is introduced by a time dependent gate voltage coupled to the left dot:
with V ac the amplitude of the field and ω the frequency. In order to treat the time dependence, it is convenient to perform a unitary transformationÛ (t) =
It leaves the diagonal terms of the hamiltonian unaffected and transfers the time dependence to the coupling terms. Thus, using the JacobiAnger expansion, the hopping reads: (4) with J ν (α) the Bessel functions of the first kind and order ν and α = V ac /(2 ω). Note that the tunneling coupling τ LC becomes renormalized: τ LC →τ LC,ν = J ν (α)τ LC , which introduces the possibility to tune the coupling by acting on the parameters of the ac field. It also acquires a time-dependent phase which is responsible for the photon assisted tunneling via the exchange of ν photons with the field. Similarly,
In the limit of weak coupling to the leads, the dynamics is described by a quantum master equation for the reduced density matrix 14, 44 of the quantum dot system, ρ(t)ρ
The first term of Eq. (5) is the Liouville equation for the coherent time evolution of the density operator of a closed quantum system. The second term describes the tunnel coupling with the reservoirs. Assuming a BornMarkov secular approximation it reads
We focus on the high bias regime, where transport is unidirectional from left to right. Furthermore assuming the wide-band limit, all the sidebands couple equally to the left lead. Thus, photon assisted tunneling has no effect in the tunneling through the contacts, following from the properties of the Bessel functions 45 : ν J 2 ν (α) = 1. Then the only non-zero tunneling rates Γ mn according to the linear configuration with infinite bias are
for an electron tunneling into the right lead, and
for an electron tunneling from the left lead, where D l is the density of states of each lead.
The dc current is obtained from the stationary solution ρ of Eq. (5). It is simply given by
with e being the elementary charge.
III. TRANSPORT
Let us first discuss the transport characteristics of the undriven case. Current is expected to flow only close to the quadruple point when the four charge configurations are degenerate. In fact, as shown in Fig. 2(a) , a large current peak appears around the condition ε L = ε C = ε R where transport is resonant through all the structure. The current extends along the condition ε L = ε C but rapidly faints due to the finite but small broadening of the level in the dot coupled to the drain, Γ R . Most interestingly for us, a very narrow resonance occurs along the condition ε L = ε R that survives far from the quadruple point, where the center dot is detuned. This is the long-range transfer that we are interested in. There, the electron is delocalized between the left and right dots with the center one being only virtually occupied. This is clearly represented in the eigenstate τ CR |L − τ LC |R , see Appendix A for more details. Such a resonance has been observed experimentally involving the correlated tunneling of two electrons 31 or of a single spin 33 . Let us mention that when the couplings are inhomogeneous, i.e. τ LC = τ CR , one of the side dots hybridize more strongly with the center one effectively forming two molecular-like orbital (cf. Appendix A). The other dot thus crosses two levels which gives rise to a splitting of the central peak 33 .
We focus now on the driven configuration where an ac potential is applied to the left dot. As discussed above, the effect of the driving is two-fold. On one hand, it induces photon assisted transport in detuned configurations when the frequency of the oscillation matches an integer fraction of the energy difference, ω ≈ ν −1 (ε i − ε j ). Then, the delocalization takes place via the absorption/emission of ν photons. As a consequence, the different resonances split into a number of sidebands, as plotted in Fig. 2(b) .
On the other hand, the tunneling couplings get renormalized (4) due to the time dependent voltage. This makes the height and width of the different peaks become dependent of the details of driving, in particular of the argument of the Bessel functions, V ac /(2 ω). For the values considered here, sidebands with ν > ±5 are weak. Also, the renormalization affects the overlapping of the different states. As J ν (α)τ LC < τ CR , the center dot hybridizes more strongly with the right dot, effectively forming an extended two level dot around ε C = ε R . This is visible in the splitting of the central peak around each sideband into some kind of avoided crossings, cf. Fig. 2(b) . Consistently the splitting is better resolved as the order of the sideband increases, which corresponds to a smaller J ν (α).
Additional features appear as current minima on the crossing of L-R and L-C resonances involving a different number of photons. In this case, the electron in the left dot can tunnel resonantly either to the center (by direct tunneling) or to the right dot (via long-range tunneling). In the former case, as the subsequent transition between C and R dots is energetically forbidden, the occupation of the center dot reduces the current.
IV. LONG-RANGE TUNNELING
Let us focus now on the regime ε R − ε L ≈ n ω where long-range tunneling dominates. We have mentioned that the interdot hopping τ LC is affected by the parameters of the driving through Bessel functions. In order to further understand its effect on the left-right delocalization, we investigate the photon-assisted current as a function of the detuning ε L − ε R and the amplitude of the oscillations V ac . The result is plotted in Fig. 3 , where well-defined sidebands are resolved at the conditions ε L − ε R ≈ n ω. Within each resonance involving n photons, the current becomes strongly dependent on J n (α), as expected from the renormalization of τ LC . This effect is evident in the points where the current vanishes which coincide with the zeros of the Bessel functions. Interestingly, the number of involved photons is determined solely by the detuning b etween the initial and final states of the transition, |L and |R . The detuning of these states with respect to |C only affects the strength of the virtual transition, as we show in more detail in the following by performing a perturbative expansion and a rotating way approximation (RWA). The pattern in Fig. 3 can also be interpreted as multiphoton Landau-Zener-Stückelberg-Majorana tunneling interferometry pattern 46 notably involving virtual transitions, which are here resolved in a transport configuration. 
A. Analytical treatment
Further understanding of the photon-assisted longrange tunneling close to the condition L − R + n ω = 0 is gained by considering the coherent dynamics in the closed triple quantum dot system. This is given by the Schrödinger equation
In the interaction picture, |Ψ S (t) = exp[−i/ Ĥ (t − t 0 )] |Ψ I (t) , the time evolution of the wave function reads,
We can expand the time evolution operator:
We are seeking the coupling between |L and |R which is not provided by the two first terms of the expansion. At second order, we get:
i.e. the left and right dots get coupled via second (and higher) order transitions characterized by the parameters τ LC /( C − L − ν ω) and τ CR /( C − R ). We are interested in the case where the center dot is decoupled from any resonant transition (including those assisted by photons), i.e. τ LC C − L − ν ω and τ CR C − R , so we can neglect any other contribution to the expansion. Transforming it back into the Schrödinger picture and taking the time derivative in the right-hand side of Eq. (8), we arrive at the effective Hamiltonian:
with the shifted energies˜ L = L − ν ν g 
We have neglected fast oscillating terms including
which are assumed to be integrated out in the dynamics. The effective coupling has the expected cotunneling-like form 8 which contains the coupling due to both barriers (the left one being renormalized with a Bessel function) and decreases as the inverse of the distance to the intermediate virtual state 34 .
B. Rotating wave approximation
The effective Hamiltonian (13) 
that shifts the energy by n ω. With this notation the rotated Hamiltonian readŝ
we have neglected all the oscillating terms. The resulting Hamiltonian being time independent, it can be diagonalized. This way, we find the eigenstates
that describe the resonant charge transfer between the left and right dot, analogously to (A2) and(A3) in the undriven case. When open to transport, the system thus becomes equivalent to a double quantum dot. For that system, the current can be analytically calculated 48 , giving a Lorentzian-shaped resonance:
In order to test the validity of the different approximations we made, we plot Fig. 4 . There, we compare the current obtained from the numerical integration of the full master equation (5) with that obtained by considering the second-order expansion effective Hamiltonian (13) and with the analytical expression for the current in the rotating wave approximation (18) around each resonance, finding a remarkably good agreement. For completeness, we also plot the current obtained in the We compare the full numerics solution, obtained by the integration of Eq. (5) with the different approximations: the effective model for the tunnel coupling (13) and the rotating wave approximation (18) . We also plot the current for the undriven case which only shows the central peak. The driving is characterized by the parameter α = Vac/(2 ω) = 1.38. For L − R > 3 ω, a deviation appears due to the presence of the resonance with the center dot.
undriven configuration, where only the central peak appears, which clearly shows the reduction of the current intensity and the narrowing of the current peak in the presence of the ac voltage due to the renormalization of τ LC .
V. SUMMARY
In summary, we analyze photon assisted long range transport through a linearly coupled triple quantum dot. The transport between the edge quantum dots is assisted by the ac field giving rise to resonances between the left and right quantum dot levels differing in n photons. The ac driving also renormalizes the interdot hopping and in consequence the levels hybridization. Therefore the ac field determines the current spectrum and allows its control by tuning the ac field parameters.
We present as well a theoretical model of photon assisted second order transitions (cotunnel) and propose an effective Hamiltonian. We have considered the simplest model with up to one electron. The analysis of other regions in the stability diagram with more electrons will be affected by charge and spin correlations.
